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Accounting for Future Utility in Medium-Term
and Long-Term Choices

Cynthia CHEN and Xiaoqiang CHEN

Abstract- In decision making processes, people often anticipate
future. Future anticipation can take place in medium-term choice
scenarios such as vehicle holding and transaction decisions and long-
term ones such as residential and job location choices. Most of the
discrete choice models developed in the area of travel behavior are
incapable of accounting for expectation of future utility. It remains
an open question in terms of how the existing modeling frameworks,
such as the popular mixed logit models, can be modified to account
for the expectation of future utility. This paper exploresthis question
by congructing two theoretical models: a binary model and
multinomial (3-alternative) model. For each model, a series of monte
carlo simulations are conducted to explore the properties of the
parameter estimates. In particular, two main questions ar e answer ed.
First, what consequences will result if a without-future-utility model
is applied to a dataset generated with the future utility component?
Second, how well the existing modeling frameworks can be modified
to account for the expectation of future utility in different choice
scenarios? The simulation resultsillustrate three points mainly. First,
if a without-future model is applied to a dataset generated with a
futur e utility component, the estimated parameters attenuate to zero.
In more complicated choice scenarios involving more than 2
alternatives and correlation between alternatives, the estimated
parameter s have wrong signs. Second, if a with-future model can be
correctly specified on a dataset generated with the future utility
component, both the probit model and the mixed logit model can
recover true parameters quite well. Third, the use of model forms
(probit vs. mixed logit) should be cautious.

Index Terms—Future expectation, monte carlo simulation, mixed
logit model, probit model, discrete choice model

1. INTRODUCTION

The field of discrete choice models has seen tremendous
development during the past decade. The standard
multinomial logit model has been rapidly replaced by the
newly developed mixed logit model that explicitly
accounts for unobserved heterogeneity that varies with
individuals and correlation between alternatives [3, 9, 14].

In terms of the type of variables, we have also seen
different types of variables that are being entered into the
utility function. In particular, they include individual and
household related socio-economic and demographic
variables, alternative-specific variables, built environment
related variables, and variables related to past experience.
The entrance of past experience related variables is
particularly notable because they represent our recognition
that many of our daily decisions are the result of routines
and habits [1, 2, 5]. There have been a number of studies
that have used variables related to past experience [1, 2, 12,
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13]. Some researchers term models with past experience
related variables as dynamic models [10, 15], as
technically these models include both the past and the
current. Although representing both past and current times,
these so-called dynamic models are not adding more
complexity to the models that only include the variables
observed at the current time. This is because past
experience is the perceptions of things that have taken
place in the past and therefore treated as deterministic
variables.

In addition to past experience, we argue that in decision
making processes, people often anticipate future. Take an
example of a vehicle purchase decision scenario. A young
couple with an existing passenger car and no children may
choose to purchase a minivan instead of another passenger
car at the current time. A minivan is chosen not because it
provides higher utility than a passenger car at the current
time, but because it provides higher utility than a passenger
car if not only the utility at the current time but also the
future expected utility are accounted for. The young couple
may be expecting a child in a couple of years and with that
in mind, a minivan is a better choice than a passenger car
at the current time. For long-term choices such as
residential and job location choices, anticipation for future
utility is observed more often. A home location may be
chosen not because it is close to the current employer, but
because it is located in the center of the current employer
and future employers [6, 11, 16].

Many of the discrete choice models developed in the
area of travel behavior are incapable of accounting for
expectation of future utility. It remains an open question in
terms of how the existing modeling frameworks, such as
the popular mixed logit models, can be modified to account
for the expectation of future utility. In this paper, we
explore this question by constructing two theoretical
models: a binary model and a multinomial (3-alternative)
model. For each model, we conducted a series of monte
carlo simulations to explore the properties of the parameter
estimates. In particular, we intend to answer two main
questions. First, what consequences may result if a
without-future-utility model is applied to a dataset
generated with the future utility component? Second, how
well the existing modeling frameworks can be modified to
account for the expectation of future utility in different
choice scenarios?

The rest of the paper is organized as follows. In the
next section, we describe a general dynamic discrete
choice framework. Our theoretical frameworks for the
simulations are described afterwards. Then, we describe
the generation of our artificial datasets, which will be used
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in simulations. We then describe the estimation procedures
and results. The concluding section follows at last.

2. A DYNAMIC DISCRETE CHOICE
FRAMEWORK

A dynamic discrete choice model framework is adopted
for this study. When facing K discrete choices at time t, it
is assumed that an individual attempts to maximize his/her
lifetime utility. The word lifetime is used only to represent
future periods. It is unlikely that people attempt to
maximize their utility, while anticipating future expected
utilities of their entire lifetime. On the other hand, it is
highly possible that people would foresee changes that
might take place in a couple of years ahead. For example, a
household might decide to purchase a minivan with the
anticipation that there will be a child coming to the family
in a couple of years. In other words, the word lifetime here
may only refer to the current time and the near future.

Suppose that the individual’s lifetime can be sliced into
t=0,1,...,T stages, a linear-separable utility maximization
function can be expressed as follows:

Max E[Yd,(u, )+ Y. o D d(0)u (o) |Sp], (D
k=1

T=t+1 k=l

where u(t) is the utility that the individual derives by
choosing alternative Kk at time t,  is a discount factor
between 0 and 1, di(t) = 1 indicates alternative K is chosen
at time t, di(t) = 0 indicates alternative K is not chosen at
time t, and S(t) is the vector of state variables. State
variables may include individuals’ socio-economic and
demographic characteristics as well as alternative specific
attributes. Equation (1) states that the individual attempts
to maximize his/her expected utility of the lifetime.

Assuming that an individual’s choice is represented by
{k, k =1,2,...,K}, the utility function, u,(t), may be further
detailed as follows:

U (D) = W (D + & (D), @)
where

u(t) is the random utility that the individual obtains at
time t by choosing alternative K,

vi(t) is the systematic utility that the individual obtains
by choosing alternative Kat time t, and

g(t) is the random disturbance term in the utility
function.

The probability of choosing alternative K at time t is
given by the following equation:

Pr(d, (1))

=Pr(u, (1) + o E(u(t +1]d, (1)) > 3)

u; )+ oE(ut+1] dj(t))), vk, j e {1.2,..,K},
where E(u(t+1] d, (1) is the expectation of random utility
that the individual obtains at time t+1 in case alternative |
is chosen.

A key in estimation is to specify the joint distribution of

the es (see Eq. (2))that exist in both ui(t) and u(t+1). In the
case of serial independence, the joint distribution is:

.
Hf(aﬂ,gtz,...,gtK;é), where & is the vector of
t=0

distributional parameters. In the case of correlation
between alternatives and serial dependence, the joint

distribution is: f(&y,..,80K »rET15EkE) - We conduct
simulations of both cases in the paper.

3. THEORETICAL MODEL DEVELOPMENT
FOR SIMULATIONS

We consider two general cases. In case 1, a binary
choice structure is assumed at time t and at time t+1, each
alternative at time t branches out two additional
alternatives. In case 1, we distinguish between the subcase
of serial independence and the subcase of serial
dependence. In case 2, a multinomial (3 alternatives)
choice structure is assumed at time t and at time t+1, each
alternative at time t branches out two additional
alternatives. Case 2 represents a more general case than
case 1. For simplicity, we also set the discount factor, o (in
theory, ® cannot be separately estimated), to be equal to 1
in the rest of the paper.

3.1 Case 1 (2-Time-Period, 2-Choice at Timet)

Fig. 1. depicts a dynamic decision making framework in
a 2-time-period and 2-choice structure. Suppose T = 2,
meaning that an individual’s lifetime is sliced into two
periods. Each of these two time periods may be of different
duration. Let us also suppose that the current time period is
denoted by t and the future one by t+1. At t, decision
makers face two alternatives: @ and b. If they choose
alternative a at t, they face alternatives ¢ and d at t+1; if
they choose b at t, they face alternatives eand f at t+1.

c

Fig. 1. A 2-Time-Period and 2-Choice Dynamic Decision Making
Framework.

As an example, the decision making framework may
depict a process that a family decides which vehicle to
purchase (e.g., between a passenger car and a minivan) at
time t. Time t denotes the current time and time t+1 may
denote a couple of years later. Alternative a may be
purchasing a passenger car and b purchasing a minivan. If
the person chooses to purchase a passenger car (alternative
a), he/she may face two alternatives at t+1. The two
alternatives at t+1 may include: continue to keep the
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current fleet (alternative C) or replace one of the vehicles
with another vehicle (alternative d). If the decision maker
chooses alternative b (purchasing a minivan) at time t,
he/she may face two alternatives at t+1: keep the current
fleet (alternative €) and replace one of the vehicles with
another vehicle (alternative f).

In the example described above, although the decision
making process at time t is about whether to choose
alternative a or alternative b at time t, factors that come
into the decision making process include not only attributes
associated with alternatives a and b at time t, but also
attributes associated with alternatives c, d, e and f at time
t+1. In other words, future utility is clearly accounted for
within the decision making process at time t.

In the rest of the section on case 1, we distinguish
between two subcases: serial independence and serial
dependence. In both cases, we only need to obtain the
probability of choosing one alternative, as it is a binary
choice model.

3.1.1. Serial Independence

Given the framework shown in Fig. 1., the probabilities
of the individual’s choosing alternative a at time t may be
written as follows:

Pr(d, (t) = 1)
= Pr(u,(t) + EQU(t+1)| da(t) = Uy (t) +E(Ut + 1) | dy (1))
= Pr(u,(t) +(Pr(d, (t +1)) xu(t+1)+ Pr(dy(t +1)) x uy (t
+1)) 2u, (t) +(Pr(de(t + 1))x Ug(t + 1)+ Pr(d; (t +1)) x
us(t+1),
where,
Ua (D) = Va(D + £, (D),
Ut +D) =v.(t+1) + &, (t+1),
Ut +D) =vyt+D+ey(t+1),
u, (D) = v, () + ¢, (D),
ut+h=v t+D+e (t+1),
U t+ D) =v(t+D)+ g; (t+1).
4)

In Eq. (4), there are a total of six disturbance terms

involved: &(t), e(t), &(t+1), ea(t+1), e(t+1), and eft+1).
In this simplest case, we assume all these disturbance terms
follow an independent and identical standard normal
distribution (~ N(0,1)). The lifetime systematic utility
components for alternative a and alternative b

are: v, =V, (t)+Pr(d_(t+1))x (v (t+1)) + Pr
(g (t+1) x (Vg (t+1)) and v, =V, (1) +Pr(do(t+1)) x (v,
(t+1)+Pr(d, (t+1))x(v,(t +1)) respectively. Since all

error components are assumed to be distributed with a
standard normal distribution, the lifetime error term for

alternative E:\,é"a , also has a normal distribution with zero
mean and a variance of 1+Pr(d,(t+1))" + Pr(d4(t+1))’.

Similarly, the lifetime error term for alternative b, Ek;, also

has a normal distribution with zero mean and a variance of
1+Pr(d (t+1))* +Pr(d, (t+1))* . Consequently, Equation

(4) can be further written as follows:
Pr(d, (t) =1)

=Pr(e, —¢, <V, ()+Pr(d_(t+1))x (v (t+1))+ Pr(d,
(t+ 1)) x (Vg (t+ 1)) =V (t) = Pr(dg(t + 1)) x (Ve (t +1)) -
Pr(d (t +1))x (v, (t+1))

e —€y _Vi—V,

=O( 5 ST),

(5)

where,
& — €, ~N(02+Pr(d_(t +1))* + Pr(d, (t+ 1))* +

Pr(d,(t+ D)* + Pr(d, (t+ D)%),
vV, -V, =V, (t)+ Pr(d_(t+ 1)) x (v (t+1))+ Pr(d, (t +
D) x(vVg(t+1)) = v (t) = Pr(d.(t + 1)) x (Vo (t+1))— Pr

(d, (t+ D) x (v, (t+1)),
(6)
O is the standard deviation of va —8;, and 0 =[2+
Pr(d, (t+1))> +Pr(d (t+1))* + Pr(d, (t+1))*]">.

In estimation, B (the parameter vector associated with
the independent variables in the lifetime systematic utility)
and & cannot be separately identified and only the ratio of
the two can be identified [4, 17]. Because of this feature,
we can set O to be 1 and then estimate B afterwards. The
estimation of P is done by performing a 1-dimensional
standard normal integration.

3.1.2. Serial Dependence
A more complicated case can be established by
assuming serial dependence between g,(t) and g,(t+1), €,(t)
and g4(t+1), g(t) and &, (t+1), and gt) and eft+1). The
variance-covariance matrix for these error terms: g,(t), &(t),
g.(tt1), g4(t+1), g(t+1), and gft+1), is:
(62 0 8,,8,, 0 0 |
0 8 0 0 Spe Sps
Sac 0 82 0 0 O
S.9 0 0 &5 0 0
0 6,, 0 0 8 0
0 6, 0 0 0 53
Without losing generality, we can rescale the above
matrix such that the diagonal elements are all equal to 1:

(7
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5ac 5ad
1 0 c 2 0 0
Oa O,
5b, 5!),1‘
0 1 0 0 5; .
5ac
5 o 1 0 0 0
5 , ®)
a,d
< 0 0 1 0 0
63
5
0 % 0 0 1 0
53
L 90 0 0 1
L 632 .
where |5,./02K1 , |8,,/802KK1, [8,,/62K1, and
|6y /821 . ©)

Given that &, = ¢, (t) +Pr(d_(t+1)) x (e (t+ 1)) x (g, (t

+1)), the lifetime error term for alternative a,¢,, still has a
normal distribution with zero mean, but its variance is
different from the variance in the subcase of serial
independence. In particular, we can derive its variance as
follows:

Var(e,)

=Var (g,(t) + Pr(d, (t +1)) x &, (t +1) + Pr(d 4(t+ 1)) x g4 (t +1))
=Var (¢,(t)) +Var(Pr(d, (t +1)) x &, (t +1)) + 2Cov(e, (t),Pr(d,
(t+1)) x &, (t+ 1)) +Var(Pr(d 4 (t + 1)) x &4 (t +1)) + 2Cov(e4 (1),
Pr(dy (t+1))x g4(t +1)) + 2CoMPr(d (t+ 1)) x & (t +1), Pr(d 4
(t+1) xe,(t+1))

=14 Pr(d,(t +1))* + 2Pr(d (t+ 1))0, . /52 + Pr(dy(t+ 1))’ +
2Pr(dg(t+ )5, /52, (10)

In addition, CoMPr(d (t +1) x g.(t + 1), Pr(d4 (t +1) x &4
(t+1)) = 0, since there is no correlation assumed between
alternatives € and d (there is only serial dependence here).
Similarly, the lifetime error term for alternative b, 6‘{), also
has a normal distribution with zero mean and its variance is:
1+Pr(d (t +1))* +Pr(d, (t+1)* +2Pr(d,(t+1))8, . /52
+2Pr(d (t+1))5, ¢ /5. €y, — €, has a normal distribution
as follows:

&y — &5 ~ N(0,24 Pr(d, (t + 1))* + Pr(d (t + 1))* + Pr(d,
(t+1))* + Pr(d; (t+ 1))> + 2Pr(d (t +1))5,. /52 +
2Pr(dg (t+ 1)),/ 52 +2Pr(de(t +1))Spe/ 52 +2Pr
d; (t+1)6, ; /82).

(1D

Here, for the subcase of serial dependence in case 1, we
denote &) as the standard deviation of &, —&, and

8, =[2+Pr(d_(t+1))* + Pr(d, (t+ 1))* + Pr(d (t +1))°
+Pr(d; (t+ 1))’ + 2Pr(d, (t+ 1)3, /52 +2Pr(dg (t +1))
Sag/ 02+ 2Pr(de(t+1))8, 0 /84 +2Pr(d; (t+1))
Soq 161"

(12)

In the subcase of serial dependence, although the
variance of &, —&, is more complicated than that in the
subcase of serial independence, the idea behind the
estimation procedure is still the same. Because B and the

standard deviation of g —g, cannot be separately

a

identified and only the ratio of the two can be identified [4,
17], we can still set the standard deviation of &,—¢_, or g,

to be 1 and then estimate P afterwards. Similar to the
subcase of serial independence, the estimation of § is done
by performing a 1-dimensional standard normal integration.

3.2 Case2 (2-Time Period and 3-Choice at Timet)

Fig. 2. depicts a dynamic decision making framework in
a 2-time-period and 3-choice structure. In this case, at the
current time t, the decision maker faces three alternatives:
a, b, and C'. If the decision maker chooses & at time t,
he/she faces d' and € at t+1; if the decision maker chooses
b’ at time t, he/she faces f and @' at t+1; if the decision
maker chooses C' at time t, he/she faces h' and i’ at t+1.

As an example, the decision making framework may
depict a process that a family decide which car to purchase
(e.g., between a passenger car, a SUV, or a minivan) at t.
Time t may denote the current time when the decision
needs to be made, and time t+1 may denote a couple of
years later. Alternative @ may be viewed as the alternative
of purchasing a passenger car, b’ may be viewed as
purchasing a SUV; and ¢’ may be viewed as purchasing a
minivan. Any choice chosen at t will result in a decision
making process between two alternatives at t+1. The two
alternatives at t+1 are denoted as d’ and €, f and ¢, and
h' andi’, corresponding to @ ,b’, and C’ at t respectively.

Similar to case 1 (2-time-period and 2-choice structure),
although the decision making process at t is about whether
to choose @', b’, or C', factors that come into the decision
making process include not only attributes associated with
a', b, and ¢ at t, but also attributes associated with d’, €,
f,g,h,and i’ att+1.
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V, =V (1) +Pr{dy (t +1)]x Vg (t+ 1)+ Pr[d.(t + 1)] x
V (t+1),

£, = Pr[dy(t + D] xeq(t +1)+ Pr[dy (t+ 1)] x g4.(t + 1)
+&,(1),

Vi = Vo (1) + Pr{d . (t +1)]x vyt +1) + Pr[dg (t + )] x
Vg (t +1),

gy = Pr{d (t+ D] x & (t+1)+Pr[d . (t+ D]x e (t +1)
+ &, (1),

V, = V(1) +Pr[d, (t+ DI x Vv, (t+ 1)+ Pr[d (t +1)]
XV, (t+1),

and

gu =Pr[d, (t +D)]xen (t+ D)+ Pr[d, (t +D]x &, (t +1)
+&q (V).

15)

We further assume that the variance-covariance matrix
of alternatives a', b', ¢', d', €, f', @', h', and i’ can
Given the framework shown in Fig. 2., the probability  be represented by the following matrix:
of the individual’s choosing an alternative at t may be r

Fig. 2. A 2-Time-Period 3 -Choice Dynamic Decision Making Framework

2
written as follows: O
Pr(dy (t) =1) Sow o
=Pru, () +E(ut+1|d.(1) z u.(t)+ (13) Sae Ope  O2 .
E(ut+1[d,.(t)), VK, j'e(a,b',c"). Sag Ong Ocqr Oa .
Unlike case 1, in case 2, we will not distinguish 8.0 Opy Oue Ouyg O2
between serial independence and serial dependence. As s 5 s s S 52
shown in case 1, as long as there is no correlation between a'f b cf e Fefr T
differgnt alternatiyes, .serial dependence doe?s not really Sag Ovg Ooy Oa4g Oeg Oiyg 5g2,
complicate our estimation procedure. Instead, in case 2, we )
will discuss a more general case, which allows correlation Oart Opn Ocn Oaw Oen Opne Ogn O
between alternatives. 8 Opr Oy Oy Oy 8 O S O
Let us assume the lifetime random utilities of - B b ' . b (1_6 )

alternatives @', b', and C' can be expressed as follows:

, The probability of choosing alternative & at time t can
U, (1) =v, (1) + Prldy (t+ D]x vy (t+ 1) + Prido (t +1)] x

be written as follows:

v, (t+1) +Pr{d (t+ )] x e (t+1)+ Pr[d . (t + 1)]x Pr(d,(t)=1) ' . y ' . '
, , =Pr(Vy +6, 2V, +&p andV, + &, 2V, +6¢)
g M+ +e,(D) =V, +&,, =Pr(e, —¢, <V, -V, ande, —&,, <V, —V,).
Uy (£) = Vi, () + Pr[d (. (t+1)]x Vy.(t +1) +Pr[dg (t+ 1)] (17)

Similarly, the probabilities of choosing b' and C' are:
Pr@, () =1) =Pr(e,; —&y <Vy —Vy and &, —&y <V — V)

g (t+1)+ ey (1) = Vi, + 61y, (Eq 18), and S o
Prd.(t)=1)=Pre, —¢. <V, -V, and ¢, —¢,<V,-V,)

XV, (t+1)+ Pr[d,.(t +D)] x g,.(t +1)+Pr[dg, t+1D]x

and
U (t) = v, (®) + Prld, (t+ D] x v, (t+1)+ Prd, (t+1)]  (EQ19) respectively.

< Vo(t +1)+ Pr[dy,(t+ )] x &, (t +1) + Pr[d, (t +1)] 321 Probit Model
From the above equation, we can write the probability
xep(t+D+ea(t) =V, +&y, of selecting alternative @' as follows:
(14)

where,
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Pr(d, () =1

and ic. respectively. Similarly, the probabilities of

=Pr(ey —&4 SVy —Vp and . —&, <Vy— V) selecting D' and C' can be expressed as:
g Ly Pr(dy(t) = 1)
Ep — Ea Vy =V, b
= Pr(—2—=—x< 22— and o S
\/var(eb, - &) \/var(gb, —&4) = Pr( £e fgb' — < Vo —‘va — and
Eu —E€y V. -V, ) \/ var(g, — &y ) \/var(g o —&p)
< . . ' ' .
\/ var(ey —€4) \/ var(ey — €,1) a8y o Vo~V )
20) Jvarey —ey)  yvar(en — &)

The variance-covariance matrix of &, — &, and &, —&,

pbrc' —a,b-a' :|

pbrb‘— a

can be denoted as X,. and X ={
pbrc'—a‘,b‘—a'

pbrc'— a

Since B and Y., cannot be estimated separately [4, 17], we

can rescale 2, into ia, by doing the following:

— |—pbr '-a' pbrc'—a' '—a'—|
> ar L pbr tc)'—a',b'—a' pbl:l:'—a'J

pbr c-a'bh'-a / pbrb‘ —a'—|

_ [
= pbr,_,.x '_pbrc_a,wb_a, /pbr,. .. pbr, ../ pbrb_a.J

=pbry_, xZ,.
Given Vv, =V, (t)+Pr(d,(t+1) xv,, (t+ 1)+ Pr(d (t +
1) x Vg (t + 1) the calculation of V,, vy, and V. requires the
calculation of Pr(d . (t+1)), Pr(d_ (t+1)), Pr(d,, (t+1)),
Pr( dy.(t +1)), Pr(d,(t+1)), and Pr(d;(t+1)), which
then requires the calculation of var(e, —&,), var(g,, —
£g), var(e —€4), and var(g, —¢&;). We assume:
var(eq — &) = var(e —€4) = var(ey — &)= 1.
The only effect of this assumption is that phr, . is
rescaled. B is rescaled by pbt,._, , which is then influenced
by the assumption of var(e, —¢&,) =var(e, — gg,) =

var(¢y, —€;) =1 . Therefore, for the probit model, the
probability of selecting &' can then be expressed as:
Pr(d, (t) =1)

£, —¢., vV, —V,
— PI‘( b a < b a
Jvar(sb, —-£,) \/ var(e, —&,)
E.—¢&, v, -V,

)

and - <
\/ var(e, — &) \/ var(s, —€,)
Vig—Vig ViV

= j j f(E )d(e, —¢,)d(e, —¢,).

-0 =0

@2y
The procedure to derive the probability of choosing b'

and ' is similar to that for the probability of choosing a’.

The rescaled variance-covariance matrices of 8;. —gl;, and

go—é&y and &, —€, and €, —¢&, for b' and c' are X

Vo=V Va—Vy

= [ [fCwde-ewd(en -2, and

(22)
Pr(d.(t) =1)
—pr(——b e o VoV and
\/ var(ey — &¢) Jvar(g b —Ec)
Eq— €y < Vg — Ve )
\/ var(e, — £,) \/var(g o —En)
= [ [1Eodey —e)d(en 2.
(23)

3.2.2 Mixed Logit Model

In this setting, we adopt the popular mixed logit model

to estimate the model in case 2. Mathematically, we can
write:

U, =V, +e, =V, +1n, +@,,
Uy =V, +&, =V, +1, + 0,
U, =V, +&, =V, +1. + @,
(24)
where ¢, ¢,., and ¢, are independently and identically
distributed with extreme value distributions, and 77,., 1,

and 7, have normal distributions and their variance-
covariance matrix can be expressed as:

my myy Mg,
Q= ma‘,b‘ mly, mb',c‘
m a,c' m cib' m c'
1 m_,/m, m./m,
=mly x| mgp/my mp/my m./m,
mlye /ml, mlg, /ml, ml, /ml,
=ml, x Q

(25)
For the same reasons described above, the rescaled

variance-covariance matrices: ml, , is rescaled by
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assuming var(e, — &) = var(g,, — g,) = var(g, —&,)=1.
Consequently, the marginal probabilities of selecting
alternatives a', b', and c', given 7n,, n, and n. are:

)= exp(Vy +174)

Pr(d, (t = , ,j'e(a,b,c 26

O n) = e e @pe) )
2

Pr(db,(t)|nj,)=%,j'e(a,bv,c) 27)
g ] J
e tlle) e @be)  (@8)

Pr(d, (®)|n,) = ,
zeXP(VJ" +15)
T
The unconditional probabilities of selecting a', b', and
c' are the integral of the marginal probabilities over all

possible values of n7,,, 7,, and 7,

exp(v +1,)

Pr(d, (t)) = ”j e )f(fz)(dn,-')3 (29)
Pr(dy (1) = [ [ | exp(v(vfjmf(fz)(dm-f (30)
eXp(Ve +17c.) f@dn,)’. 6D

Pr(de (1)) = HIZ

exp(v +1, )

Three 3-d1men51ona1 integrals in the above equations
can be easily reduced to 2-dimentional integrals by setting
the lifetime random utility of one of the alternatives to 0.
For example, if we set the lifetime random utility of
alternative & to be zero, the unconditional probabilities of
selecting alternatives &', b', and C can be written as
follows:

Prd, ()= [ f(@Q)dn, dn,., j'#al,j'#K,

1+Zexp(v +1), )
(32)
expWy +1y)

‘ f(Q)dn, dn, j =&, j'= K,
1+ explV, +1,) (©)dn;.dn., ] ]
R

Pridy )= |

(33)

and '
Pr(dc(t)) :J‘J‘ exp(vc‘ +77¢ )

f(Qdn.dn...j'=a,j =k,
Y expt, 1) ()dn,.dn,.. ] ]

-
(34)

> 35
-1 0 1 35)

-1 1 0] ~ A
where M :{ } Q=MQM".
4. ARTIFICIAL DATASET GENERATION

In both cases 1 and 2, we generate the initial values of
X (independent variables) at time t from a standard normal

distribution. For the subcase of serial independence in case
1, all es are generated from a standard normal distribution.
For the subcase of serial dependence in case 1, the €s are
generated with a normal distribution and its variance-
covariance matrix of €,(t), &,(t), &(t+1), gyt+1), e t+1),
and eft+1) is:

52 0 o6,, 6,4 O 0

0 5 0 0 g,

1 0 0505 0 0

0 1 0 0 0505
05 0 1 0 0 0
05 0 0 1 0 0

0 05 0 0 1 0
10 05 0 0 0 1

For case 2, the es are generated with a normal
distribution and its variance-covariance matrix of ¢, (t),

gb'(t) > gc'(t) > gd'(t+ 1) , Eg (t+ 1) H] gf'(t +1)9 ng(t-‘r 1) 5
g, (t+1),and g, (t+1) is:

Sa

Say O

5a’c' 5b’c‘ 5(?

5a'd' 5bd 5cd‘ 5d2

5a’ e 5b e 5c'e‘ 5d ‘e 5;

5a’f' 5bf 5cf 5d'f' ef 5?

2
Sag Osg Osg Opg Oeg Opg O
2

5afh' bh 5ch 5d'h' 5eh 5f h 5g'h' 5h
_6a'i’ 6b| 5CI 6d| 6e'i’ 5f| 5g| 5h| 6|2 |
~ | -
0.1 1

0 0.1 1

0.3 0.1 0.1 1 .
=103 0.1 0.1 0.2 1

0.1 03 0.1 O 0

0.1 03 0.1 0 0 02 1 .

0.1 0.1 03 O 0 1

0.1 0.1 03 0 0 02 1]
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In the rest of this section, we describe how to update the
values of X from time t to t+1.

41 Casel

For case 1, we use the following random utility
functions:

ua(t) = ﬂl Xl,t + B2X2,t + ﬂ3x3,t + ﬂ4X4,t + ﬂSXS,t + ga,t

=V, (1) +&,,,
ub(t): ﬂ()x(),l + ﬂ7 X7,l +ﬁ8x8,t + ﬁ9x9,l + BIOXIO,I + gb,l
=V, (t) + Epys
U (t+ 1D = B Xy +BoXopn + BasXsp + BaXp +
BsXs ta1 + Ecpais

ud(t +1) = ﬁaxs,m + ﬁ7 X T in Xgen T ﬂg Xy 41

+ ﬁlOXIO,Hl + &y

Ue(t+ 1) = B Xt + BaXorn + BaXser + BaXapa

+ BsXs 1 +Eepus

and

Ur T+ 1) = BsXgper + B7Xg 0 + BsXgpa + BoXore

+ BioXior1 + E¢ -

(36)

Let m denote the m-th variable (m=1~10) and

Ratio = |va(t)| + |Vb(t)| . If alternative a is chosen at time t,

Xnter = Xy — Vo / RAMIO for m=1,4and 5, X1,y =X +
+V, /Ratio, for m=8 9and10, and Xntar = Xngs
m=236and7. If b is
Xnte = Xng +V, / Ratio for m=1,4 and5, X ., =X, —

for
chosen at time t,
V, / Ratio for m=8,9and 10, and X, = Xp,; for m=
2,3,6 and 7.

42 Case?2

For case 2, we apply the following random utility
functions:
Uy () = BiXig + BaXop + BiXay + BaXey + BsXsy + €4y

uy (1) = B, Xer + ﬂ7x7,t + ﬂSXS,t + B, Xop t B X0t

+ gb',t’

U () = BuXiue+ BuXine+ BisXisy + Bu Xy
+ B Xiso T €

Ug (t+1) = B Xy 1 + BoXor + B3Xs 1 + BaXy i
+ Bs Xste1 T Edrrens

u (t+ 1) = ﬁexs,m + ﬁ7 X T ﬂsxs,m + ﬂo gt T
BioXiow + Ectets

up(t+1) = ﬁ6x6,t+l + :B7X7,r+| + Bsxs,m + B, Xy a1
+ By Xiotar T €5va1s

Ug t+1) = BIIXII,HI + ﬂlZXIZ,HI + ﬂ13xl3,l+l + B, X4, a1
+ BisXis e T Eguans

u,(t+1) =B, Xt B, X T ﬁSXS,Hl + ﬁ4x4,t+1
+ BsXsi F Eirars

and

u,(t+1) =3, X T :Bllez,m +B13X13,t+1 + ﬁI4X14,t+I
+ ﬂlSXIS,Hl TEh

(37)
Denote n as the n-th variable (n=1~15). If alternative
a is chosen at t+l, X ., =x,-1 for

m=14and 5, Xgp4,; = Xy +1 for m=8,9and 10, and
Xpga =Xy for m=2,3,6,7,and 11-15. If alternative
b is tHl, X = Xy —1
m=38,9 and 10, X :th+1 for m=13,14 and 15, and
Xngs1 = Xng for m=1-7,11and12. If alternative C'is

t+1, Xt = X -1 for
=X, +1 for m=1,4and 5, and

chosen at time for

mt+1

chosen at time

m=13,14 and 15, Xine1
Xngs1 = Xy for m=2,3,and 6 -12.

The values of the 15 parameters are generated from a
(N~(0,1)) distribution and shown in Table 1 below. Only
the first 10 parameters are used in case 1 and all 15
parameters are used in case 2.

Table 1. Values of Population Parameters

B | B Bs | Ba | Bs | B | Br | Bs

BQ BIO Bll BIZ Bl} Bl4 BIS

2.08 | -0.66 | -0.68 1.30 | -0.5 1-038 | 1.5

1.19 {22907 | -1.88 1 1.24 | 1.78

4.3 Estimation Method

Our estimation method for case 1 is relatively simple, as
it only involves a binary probit model for both serial
independence and serial dependence. Because only the
ratio of B and the corresponding standard deviation (J for
serial independence and &, for serial dependence) can be
estimated, we simply set 6=6,=1 during estimation.

The estimation for case 2 is much more complex and
given as follows. The log-likelihood function for an
individual is (the notation for individual is suppressed):

LogLi = d, (t)Ln(Pr(d, (t) = 1))+ d, (t) Ln(Pr(dy (t) =1))

+d. (t)Ln(Pr(d. (t) = D).

To perform the Maximum Likelihood Estimation method,
we need to calculate Pr(d,(t)=1), Pr(d, (t)=1), and
Pr(d, (t) =1) for the probit and the mixed logit models.



431 Probit Model
Recall that in a probit model, we have:
Vo=V Ve Vi

Pr(d_(t)=1) = j jf(ia,)d(gl;,—g;,)d(g;,—g'a,),

Ve Vi Va— V!

Prdy (=D = [ [ F(E)d(e—en)d(ey —a),

Vi Ve Var= s

Pr(d,(t) =1) = j jf(ic,)d(gt‘,,

-0 -0

—e.)d(Ey — &)

(38)

As shown from the above equations, the calculation of
Pr(d,(t)=1), Pr(d,(t) = 1) and Pr(d.(t) =1) requires
the estimation of ia, 2, , and Z . Let P be the

Choleski of matrix Za, , Za

|:
=
12

along with the estimation of B. Because the elements of
ib, and ﬁc, are all available from ia. , we can then write
T, =f(2,) and .= (2,).

ic, can be retrieved from 2a, . They are then calculated as

factor =PP'" , and

} . The two elements in P can be identified
2

In other words, ib, and

follows:

[ 1 1-¢c, ]

ib, = 2 2 , and
l1-c, 1+c%+c2-2c, |
2 2 2 2
i ={ C, +C, G, +C,— G,
2 2 2 2
c,+¢ —c, l+c,+c;-2c,

The estimation of Pr(d,(t)=1), Pr(d,(t)=1), and
Pr(d. (t) =1) is performed with the GHK simulator [8].
Using Pr(d,(t) =1) as an example, the procedures behind
the GHK simulator can be briefly described as follows:

1. Calculate k= ®(v,'-v,"),

2. Draw a standard uniform random number [18],

3. Calculate 7, = ® ' (1, ¢ (V4 '-Vy ")),

4. Calculate g, =D (—(V,'"-V, *+C,1,)/Cy) >

5. Calculate P, =kg,, and
6.

Repeat steps 1~5 R times (R is pre-defined by
researchers. We use 100 in this study.), and average P,

over R give us the simulated Pr(d,.(t)=1) .

4.3.2 Mix Logit Model
Recall that in a mix logit model, we have:

1 ~
Pr(d, (1) = ,“. 1 +Zexp(vyj, +1;) F(Qdn, .,
i

exp(vyb, +1,)
1+Zexp(vj, +n;)
T

Pr(dy (1) = [ | f(Q)dn;dn.,
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exXp(Ve +77)
1+ Zexp(v;, +1;0)
™

Pr(d (1) = [ | f(Q)dn;dn,

j'=a,j'=k.
(39)
Similar to the probit model setting, we use the Choleski
factor P> and Q =PP’. The two elements in P’ are

estimable along with PB. The simulation involves the
following steps:
1. Draw R’ pairs of random numbers: 17 jr and 7.,

with variance and covariance matrix Q,
1

1+ Zexp(vj. 1)
R
exp(Ve +17¢)
1+Zexp(v'j. +1;)
o

2. Calculate

exp(V, +1,)
1+ Zexp(v}, +1;)
)

for each

repetition,
1

1+ Zexp(v'j, +77j,)’
T

3. Average

exp(Vy, +1,)

exXp(Ve +7¢)
1+Zexp(vj,+nj,) 1+ Zexp(vj.+77j,)
i i

which gives the simulated probabilities.

over R,

4.3.3 Results

With a sample comprising 500 observations, the
estimation results for case 1 (serial independence and
dependence) are shown in Tables 2 and 3. Given that the
dataset is generated with the component of future utility,
Tables 2 and 3 also show the estimation results if a
standard binary probit model with no component of future
utility is applied. Note that the true values shown in Tables
2 and 3 are different from each other. This is because,
although the values of B are chosen to be the same, the
standard deviation is different between the subcase of
serial independence (J) and the subcase of serial
dependence (61).

As shown in Tables 2 and 3, for both serial
independence and serial dependence, the binary probit
model with the component of future utility recovers all 10
parameters very well and all estimated coefficients are
found to be statistically significant at 5% significance level.
However, if a binary probit model with no component of
future utility is applied to a dataset generated with the
future utility component, the estimated parameters are
found to attenuate toward zero. This attenuation is
expected because of the correlation between the systematic
utility component and the error component [7].



Chen & Chen: Accounting for Future Utility in Medium-Term and Long-Term Choices

Table 2. Estimation Results for Case 1 (Serial Independence)
With and Without Future Utility Component

With Future Utility Without Future Utility
500 Sample 500 Sample
Parameter | True value Estimates Std. error Estimates Std. Error’
B /o 1.06 1.19 0.12 0.14 0.06
B,/6 -0.33 -0.41 0.06 -0.03 0.06
B, /o -0.34 -0.35 0.06 -0.08 0.06
B,/6 0.82 0.88 0.10 0.03 0.05
Bs/6 0.66 0.72 0.08 0.01 0.06
B, /6 -0.26 -0.30 0.06 -0.01 0.06
B, /6 -0.19 -0.19 0.05 -0.04 0.06
Bs /0 0.77 0.83 0.09 0.13 0.06
By /6 0.61 0.58 0.07 0.04 0.06
B/ S 1.17 1.22 0.12 0.17 0.06
"If we retain 3 digits after the decimal point, the standard error differs from one variable to another.

0.08

0.07 faus

0.06 A /
2 0.05 < * -
%0,04 Ve \V/
> 0.03 +
) 0.02

0.01

0 T T T T T T T T
0 500 1000 1500 2000 2500 3000 3500 4000 4500
Sample Size

Table 3. Estimation Results for Case 1 (Serial Dependence)

Fig.3. Average Bias of With-Future Model for Case 1 (Serial Independence) by Sample Size.

With and Without Future Utility Component

With Future Utility Without Future Utility
500 Sample 500 Sample
Parameter True value Estimates Std. error Estimates Std. Error’

B/, 0.86 0.74 0.07 0.05 0.06
B,/6; -0.27 -0.26 0.04 -0.07 0.06
B /6, -0.28 -0.24 0.04 -0.04 0.06
B./0, 0.66 0.63 0.06 -0.01 0.06
Bs /6, 0.54 0.41 0.05 0.05 0.06
Be/0, -0.21 -0.24 0.04 0.05 0.06
B, /6, -0.16 -0.13 0.05 0.05 0.06
B /6, 0.62 0.58 0.05 0.10 0.06
By /6, 0.49 0.44 0.04 0.10 0.06
Bio /96 0.94 0.89 0.07 0.09 0.06

! If we retain 3 digits after the decimal point, the standard error differs from one variable to another.

45
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To analyze the effect of sample size on the estimates,
we also run the with-future binary probit model with 11
different sample sizes, ranging from 500 to 4000. The
average bias is calculated as the sum of the absolute values
of the difference between the estimated parameter and the

true parameter value. As shown in Figs. 3 and 4, the 500
sample size appears to be adequate for both serial
independence and serial dependence; increasing sample
size does not appear to lower the average bias significantly.

0.05

o e

o <)

Y =
L

Average Bias
=
/

0.02

0 T T T T

0 500 1000 1500 2000

Sample Size

2500 3000 3500 4000 4500

Fig. 4. Average Bias of With-Future Model for Case 1 (Serial Dependence) by Sample Size.

Table 4. Estimation Results of Probit and Mixed Logit Models for Case 2
With and Without Future Utility Component

w. Future Utility w.o. Future Utility
500 Sample 500 Sample
Probit Mixed Logit2

Parameter True value Est. S.E. Est. S.E. Est. S.E.
B,/ pbry_, 0.97 0.96 0.12 1.04 0.29 0.25 0.05
B,/ pbry_,. -0.31 0.42 0.10 -0.45 0.21 -0.03 0.05
B/ pory_,. -0.32 -0.37 0.09 -0.41 0.20 -0.14 0.05
B/ pbry_,. 0.75 0.67 0.12 0.75 0.27 0.24 0.05
Bs/ pbry_,. 0.61 0.59 0.08 0.66 0.23 0.15 0.05
Bs/ Pory_.. -0.23 -0.29 0.09 -0.32 0.19 0.09 0.07
B/ pbry._,. -0.18 0.25 0.09 0.24 0.18 0.12 0.07
B/ pbry_,. 0.70 0.77 0.11 0.77 0.22 0.006 0.07
Bo/ pbry_,. 0.56 0.61 0.10 0.63 0.21 0.15 0.07
Bio ! pbry_s. 1.07 0.85 0.12 0.87 0.26 0.11 0.07
B / pbry_ 0.33 0.24 0.09 0.22 0.17 -0.03 0.07
B/ pbry_a. -0.88 -0.88 0.14 -0.77 0.26 -0.46 0.07
B / pbry_s 0.58 0.58 0.10 0.48 0.21 0.18 0.06
Bua ! pbry_a. 0.83 0.91 0.13 0.78 0.25 0.51 0.07
Bys/ pbry._, 1.03 0.95 0.13 0.82 0.24 0.53 0.06

! If we retain 3 digits after the decimal point, the standard error differs from one variable to another at a larger magnitude. > To
compare estimates between the mixed logit model and the probit model, the estimates from the mixed logit model need to be divided

by (1+77/3).
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Fig. 5. Average Bias of With-Future Probit and Mixed Logit Models by Sample Size.

Table 4 shows the estimation results of the with-future
probit and mixed logit models as well as a without-future
probit model applied in case 2. In terms of the estimated
parameters, both the probit model and the mixed logit
model are able to recover true parameter values quite well.
If a without-future model is applied to a dataset generated
with the future utility component, the estimated parameters
cannot only attenuate to zero but also have wrong signs.
What is worthy to note is that the standard errors of the
estimated parameters in the mixed logit model are almost
twice as large as those in the probit model. This is probably
because the dataset is generated with normal distributions
while the mixed logit model applies an extreme value
distribution.

Fig. 5. shows the average bias of with-future probit and
mixed logit model by sample size. The average bias is
calculated in the same way as described in case 1. In terms
of average bias, the performance of probit model and
mixed logit model is comparable with each other. At the
500 sample size, both models have a larger average bias
compared to the two models in case 1. This is probably
because of the more complicated variance-covariance
structure involved in case 2. In addition, it appears that,
from Fig. 5, there is a trend of decreasing average bias as
the sample size increases. The average bias appears to drop
under 0.06 (a bias size that is comparable to the two
models in case 1, as shown in Figs. 3 and 4) when the
sample size increases to 1000.

5. CONCLUSIONS

Because there is ample evidence showing that people do
anticipate future in their decision making processes, it is
important to include the future utility component in our
modeling practices for certain choice scenarios. These

decision making scenarios might include: vehicle holding
and transaction decisions, residential location choices, and
job location choices. Despite the tremendous development
of discrete choice models in the past decade, it remains an
open question in terms of how the current modeling
frameworks can be modified to account for expectation of
the future utility. The purpose of this paper is to provide
some answers to this open question.

The paper demonstrates monte carlo simulations for two
cases. Case 1 depicts a scenario where the decision maker
faces two alternatives at time t and each alternative
branches out two alternatives at time t+1. In case 1, we
also distinguish between serial independence and serial
dependence. Case 2 depicts a scenario where the decision
maker faces three alternatives at time t and each alternative
branches out two alternatives at time t+1. Case 2 is a
general case, as we allow correlations between different
alternatives. Furthermore, although case 2 only involves
three alternatives, its framework can be treated as general
framework for n alternatives. This is because having more
alternatives will only involve more complex variance-
covariance structures and require more integrals. The
principle behind the estimation is the same.

Our simulation results illustrate three points mainly.
First, if a without-future model is applied to a dataset
generated with the future utility component, the estimated
parameters attenuate to zero. In more complicated choice
scenarios involving more than 2 alternatives and
correlation between alternatives, the estimated parameters
also have wrong signs. Second, if a with-future model can
be correctly specified on a dataset generated with the
future utility component, the above-described simulation
methodologies (both the probit model and the mixed logit
model) can recover true parameters quite well. Third, the
use of a model form (probit vs. mixed logit) should be
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cautious. As shown in case 2, although the mixed logit
model recovers true parameters equally well as the probit
model, the standard errors are enlarged.

This study currently assumes that f§ remains unchanged
over time, which can be unrealistic in some cases. Future
research effort is to relax this assumption so that B can
change over time. In addition to making B vary over time,
one can also make f vary with different individuals. In this
case, [ is treated as a vector of random parameters.

Since the basic properties of dynamic choice scenarios
are known, an additional future research effort should be to
implement the model with an empirical dataset. As
mentioned in Introduction, a number of choice scenarios
would be suitable for this type of model, for example,
vehicle holding/transaction choices and residential/job
location choices. This requires further research.
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Appendix: Notation List for Symbols Used in the Paper

@ : discount factor (in Eq. (1)),

B: the parameter vector associated with the independent variables in
the lifetime systematic utility,

d a(t) : indicator function of choosing @ at t incase 1 (in Eq. (4)),
d (1) : indicator function of choosing 0 at t in case I (in Eq. (4)),

d.(t +1): indicator function of choosing C at t +1 in case 1 (in
Eq. (4)),

dd(t +1) : indicator function of choosing d at t +1 in case 1 (in
Eq. (4)),

d(t+1): indicator function of choosing € at t +1 in case 1 (in
Eq. 4)),

d, (t+1): indicator function of choosing  at t +1 incase I (in
Eq. (4)),

U, (1) : random utility of choosing @ at [ in case 1 (in Eq. (4)),

V, (1) : systematic utility of choosing & at 1 in case 1 (in Eq. (4)),

Ea(t) : random error term of choosing & at [ in case 1 (in Eq. (4)),

U, (t) : random utility of choosing D at L in case 1 (in Eq. (4)),

V, (1) : systematic utility of choosing b at t incase 1 (in Eq. (4)),

&p(t) : random error term of choosing b at t incase 1 (in Eq. (4)),

U, (t + 1) : random utility of choosing Cat t+ 1 incase 1 (in Eq.
(4D,

V_(t+1): systematic utility of choosing C at t+1 in case 1 (in
Eq. (4)),

& (t + 1) : random error term of choosing Cat t 41 incase 1 (in
Eq. (4),

Uy (t+1) : random utility of choosing d at t+1 incase 1 (in Eq.
(4D,

V4(t+1): systematic utility of choosing d at t+ 1 in case 1 (in
Eq. (4)),

Ed(t +1) : random error term of choosing d at t+1 incase I (in
Eq. (4)),

Ug (t + 1) : random utility of choosing €at t+ 1 in case 1 (in Eq.
(C)X

Ve(t + 1) : systematic utility of choosing € at t+1 in case I (in
Eq. (4)),

€e(t+1) : random error term of choosing €at t+1 incase 1 (in
Eq. (4)),

U, (t+1) : random utility of choosing f at t+1 incase 1 (in Eq.
4y,

Vi (t + 1) : systematic utility of choosing f at t+1 incase 1 (in
Eq.(4),

& (t + 1): random error term of choosing f at t+ ] in case 1
(in Eq. (4)),

&€, lifetime error term of choosing @ in case 1 (after Eq. (4)),
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€'b : lifetime error term of choosing b in case 2 (after Eq. (4)),

'

O : standard deviation of gt; — &, in the subcase of serial
independence in case 1 (before Eq. (7)),

5, :
dependence in case 1 (in Eq. (12)),

standard deviation of & —¢&, in the subcase of serial

5. : variance of &, (t) .

8.+ variance of &, (1),

55 : variance of £;(t+ 1),

8 : variance of £, (t+1),

8¢ : variance of &o(t+ 1) ,

87 :variance of &, (t+1),

O, : covariance of £,(t) and &:(t+1),

8q : covariance of g ,(t) and g4 (t+1),

Oy, : covariance of &, (t) and &, (t+1),

Oy, 1 - covariance of &, (1) and &¢ (1 +1),

d,.(t) and d (1) : indicator function of choosing s K' and ]' at
t incase2, VK', j'e(a',b',C) (inEq. (13)),

U (t) and u;.(t)
i, vk, j'e(a,b',c') (inEq. (13)),

random utility of choosing K' and

Uy ‘(t) : lifetime random utility of choosing &' at L in case 2 (in
Eq. (14)),
V,." : lifetime systematic utility of choosing @' at 1 in case 2 (in

Eq. (15)),
g, lifetime random error term of choosing @' at { in case 2 (in

Eq. (15)),
Uy"(t) : lifetime random utility of choosing b' at t in case 2 (in

Eq. (14)),

V' : lifetime systematic utility of choosing D' at t in case 2 (in Eq.

(15)),

Sb,' : lifetime random error term of choosing D' at t in case 2 (in
Eq. (15)),

U ' (t): lifetime random utility of choosing C at 1 in case 2 (in
Eq. (14)),

Vo e L . ; . .
V., ' : lifetime systematic utility of choosing C' at t in case 2 (in Eq.

15)),

&' : lifetime random error term of choosing €'t in case 2 (in Eq.

15)),
d_ (1) : indicator function of choosing &' at | in case 2 (in Eq.

an,
d,.(t) : indicator function of choosing D'at 1 in case 2 (in Eq.

(18)),
d, (t): indicator function of choosing C' at t in case 2 (in Eq.

(19,

d, (t+1): indicator function of choosing d' at t+1 in case 2
(in Eq. (15)),

d (t +1) : indicator function of choosing €' at t+1 in case 2 (in
Eq. (15)),

d,.(t+1): indicator function of choosing f' at t+1 in case 2

(in Eq. (15),

dg, (t+1): indicator function of choosing @' at t+1 in case 2
(in Eq. (15),

d,;(t+1): indicator function of choosing h'at t+1 in case 2
(in Eq. (15)),

d..(t+1): indicator function of choosing ' at t+1 in case 2 (in
Eq. (15)),

V4 (1) : systematic utility of choosing @' at t in case 2 (in Eq.
1)),

£,.(t) : random error term of choosing @' at t in case 2 (in Eq.
(1s)),

va(t): systematic utility of choosing bD'at 1 in case 2 (in Eq.
(1s)),

Sb,(t): random error term of choosing D' at { in case 2 (in Eq.
(15)),

V(1) : systematic utility of choosing C' at
(15)),

&o(t) : random error term of choosing C' at { in case 2 (in Eq.
(15)),

V. (t+1) : systematic utility of choosing d'at t+1 incase2 (in
Eq. (15)),

&q4/(t +1) : random error term of choosing d' at t+1 in case 2
(in Eq. (15),

Vg (t+1) : systematic utility of choosing €' at t +1 in case 2 (in
Eq. (15)),

€o(t +1) : random error term of choosing € at t+1 incase 2 (in
Eq. (15)),

V,.(t+1): systematic utility of choosing f' at t+1 in case 2
(in Eq. (15)),

ep(t+1):
(in Eq. (15)),

Vy (t+1) : systematic utility of choosing Q' at t+1 in case 2 (in
Eq. (15)),

ng(t + 1) : random error term of choosing Q' at t+1 in case 2
(in Eq. (15),

V, (t+1): systematic utility of choosing h' at t+1 in case 2 (in
Eq. (15)),

& (t+1): random error term of choosing h' at t+ 1 in case 2
(in Eq. (15)),

\ (t+ 1) : systematic utility of choosing
Eq. (15)),

Ei,(t + 1) : random error term of choosing 1' at t+ 1 in case 2 (in
Eq. (15)),

pbr,._, : variance of £,'—&,.' (after Eq. (20)),

pbr

t in case 2 (in Eq.

random error term of choosing f' at t+1 in case 2

i' at t+1 in case 2 (in

c_ab_a - covariance of €C.'—€a.' (after Eq. (20)),

pbr.._, : variance of £.'—&,.' (after Eq. (20)),

> 4 ¢ variance-covariance matrix of &), —&, and € ,— &, (after
Eq. (20)),

X, : rescaled variance-covariance matrix of 8'bv - 8;. and

€ — &, (after Eq. (20)),

Yy, : rescaled variance-covariance matrix of g,a' - 8,;, and Sé- —8'b,
(in Eq. (22)),
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z o' rescaled variance-covariance matrix of 8;. -&
(in Eq. (23)),

o and Ey —€.

Q) : variance-covariance matrix of 7,., 17, and 7, (in Eq. (25)),

Q) : rescaled variance-covariance matrix of Ny > Ny and 1, (in Eq.
(25)),

(N)_: rescaled variance-covariance matrix of db' —17;. and rlé, —17;.
(in Eq. (35)), and

M : transforming matrix (in Eq. (35)).
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